In this paper, we investigate the photothermal effects of the plasmon resonance. Metal nanoparticles efficiently generate heat in the presence of electromagnetic radiation. The process is strongly enhanced when a fixed frequency of the incident wave illuminate on nanoprticles such that plasmon resonance happen. We shall introduce the electromagnetic radiation model and show exactly how and when the plasmon resonance happen. We then construct the heat generation and transfer model and derive the heat effect induced by plasmon resonance. Finally, we consider the heat generation under plasmon resonance in a concentric nanoshell structure.
Introduction
There has been a great deal of interest in recent years in the study of physical propertyheat generation by Nanoparticles (NPs) under optical illumination. The optical properties of NPs, including both semiconductor [15] and metal nanocrystals [7] , have been studied intensively. When the NPs are illuminated by an incident wave with special frequency, the plasmon resonance can be excited with a strong field enhancement inside and around the NPs. Such effect has a wide range of potential applications in such as near-field microscopy [5, 6] , signal amplification, molecular recognition [12] , nano-lithography [16] , ect. Heat is generated when imaginary part of the property of the NP does not vanish. The heating effect becomes especially strong under the plasmon resonance conditions when the energy of incident photons is close to the plasmon frequency of the NP. The heat can be used for melting the surrounding matrix like ice and polymer [8, 14, 21] , as well as for cancer diagnosis and therapy [10, 11, 13, 22] .
To mathematically explain the plasmon resonance of NPs and the heat generated by plasmon resonance, there are two models to be considered. Firstly, the Maxwell system is introduced to explain the process of plasmon resonance. We shall give the exact mathematical theory on how the plasmon resonance happen when the NPs is illuminated by electromagnetic wave. We show the asymptotic expansion of electromagnetic fields perturbed by small inclusions derived in [2, 4] . The first order expansion is quite important to see the innate of the inclusion. It can be used for the size estimation of the small inclusion and more importantly, it gives us a way to see through when the plasmon resonance happens if the inclusions (NPs), such as gold (Au) NPs and Silver (Ag) NPs, have negative real part in the parameters. We show that when the electric permittivity of the NP is such that a contrast parameter becomes the eigenvalue of an integral operator, plasmon resonance happen. We then analyze the heat generation and transfer process by strictly deduction. Finally, a typical nanostructure of concentric nanoshell is considered and we show exactly how is the plasmon resonance excited by incident light.
The organization of this paper is as follows. In section 2, we introduce some preliminary works concerning the electromagnetic field model. We present the far field expansion of the electromagnetic field perturbed by the nanoparticles. In the case that the nanoparticles are sphere shaped, we show exactly how the plasmon resonance happen when Drude model is applied. In section 3, the heat generation and transferring model is considered. The heat transferring is explicit shown for sphere nanoparticle. Finally, in section 4, we consider a special concentric nanoshell structure. The strict mathematical proof is given concerning the plasmon resonance. To our knowledge, it is the first time to show exactly the plasmon resonance in this concentric nanoshell structure.
Plasmon resonance model
Let D be the nanoparticle situated in R 3 with C 1,η boundary for some η > 0, and let (ǫ 0 , µ 0 ) be the pair of electromagnetic parameters (permittivity and permeability) of the matrix (R 3 \ D) and (ǫ 1 , µ 1 ) be that of the nanoparticle. Then the permittivity and permeability distributions are given by
where χ denotes the characteristic function. In the sequel, we set k 1 = ω √ ǫ 1 µ 1 and k 0 = ω √ ǫ 0 µ 0 . Suppose the nanoparticle D is illuminated by a given incident plane wave with the electric and magnetic fields (E in , H in ), which is the solution to the Maxwell equations
where i = √ −1. We can treat the nanoparticle D as a scatterer in front of the incident wave. The total fields denoted by (E, H), is the solution to the following Maxwell equations:
subject to the Silver-Müller radiation condition:
where ·| + ∂D means the limit to the outside of ∂D and ·| − ∂D means the limit to the inside of ∂D.
In what follows, we recall the analytic solution to (2.1). Firstly, for k > 0, the fundamental solution Γ k to the Helmholtz operator
To proceed, we introduce some vector functional space and some important integrals . Let
tangential vector space. We introduce the function spaces
equipped with the norms
For a density φ ∈ T H(div, ∂D), we define the single layer potential associated with the fundamental solutions Γ k given in (2.2) by
For a scalar density contained in L 2 (∂D), the single layer potential is defined by the same way. We also define boundary integral operators
There admits the following jump formula on the boundary of D
Then the solution to (2.1) can be represented as the following
and
where the pair (φ, ψ) ∈ T H(div, ∂D) × T H(div, ∂D) is the unique solution to
where
Denote by λ ǫ and λ µ the electric permittivity and magnetic permeability contrasts:
We point out that if λ ǫ and λ µ are greater than 1/2, or the permittivity and permeability are all positive numbers, then the invertibility of the system of equations (2.5) on T H(div, ∂D)× T H(div, ∂D) was proved in [20] .
Drude model
In what follows, we consider the physical process on the plasmon resonance when the nanoparticle D is illuminated by the incident wave. According to the Drude model the electric permittivity of the nanoparticle D behaviors as a function of the angular frequency ω, or exactly (see e.g. [18] )
where ω p is the plasma frequency of the bulk material and τ is the width of the resonance. Let D = δB + z, where B is a C 1,η domain containing the origin. For a scalar density φ ∈ L 2 (∂B), define the well-known Neumann-Poincaré operator by
where ∂/∂ν denotes the normal derivative and p.v. denotes the Cauchy principle value. Denote by G(x, z) the matrix valued function (Dyadic Green function)
then there holds the following far field expansion for the electric field Theorem 2.1 (Theorem 3.8 in [2] ) Define the polarization tensors
then there holds the following far field expansion It is also shown in [2] that when the electric and magnetic properties of the NPs meet that their real parts make λ ǫ or λ µ be the eigenvalue of K * B , the plasmon resonance happen. We shall see when the parameters obey the Drude and the angular frequency of the incident wave is well chosen, the plasmon resonance is excited.
Sphere nanoparticles
We shall consider that the nanoparticle D is a sphere shaped inclusion. Suppose the radius of NP is r N P . The electric permittivity of D obeys the Drude model (2.7). We mention that the wavelength, denoted by λ, of the incident wave is much larger than the radius of the NP, i.e., λ >> r N P . Suppose the incident electric field is uniformly distributed, E in = E 0 , where E 0 is a constant vector representing the amplitude of the incoming light. Due to the symmetric property of D, we suppose the electric potentials, denoted by u, inside and outside D have the form
The scattering part E 1 · x/|x| 3 decays fast as the light travels far away. By introducing the spherical harmonic functions Y m 1 (θ, ϕ), m = −1, 0, 1, we actually have
where the coefficients a jm , j = 0, 1, 2 can be determined by transmission conditions, namely
By solving the above equations we have
Thus there holds the following relation
The energy of the NP, denoted by E after the incident light (E 0 ) illumination reads
In what follows, we show how does the plasmon resonance happen when the electric permittivity of NP obeys the Drude model. Mathematically, we give the definition on when does the plasmon resonance happen.
Definition 2.2 Let ǫ 1 satisfy (2.7). We call the plasmon resonance happen if the energy of the NP induced by the illumination of the incident light blows up in the following way
Based on the Definition 2.2 and (2.11) we can easily get the following result Theorem 2.3 Let λ and v be the wave length and speed of the incident light, respectively. If λ = 2πv
ωp , then the plasmon resonance happen.
Proof. The angular frequency ω is given by
A direct calculation by using (2.7) gives
Then by (2.11) the energy can be estimated by
We thus have lim We thus come to the conclusion since in the lossless Drude mode ǫ 1 = −2ǫ 0 , and
which is exactly the eigenvalue of K * D when the incident light is uniformly distributed.
Heat generation and transfer
In this section, we consider the heat generated by NPs under plasmon resonance. Heat transfer in a system with NPs is described by the usual heat transfer equation
where T (x, t) is the temperature, ρ(x), c(x) and σ(x) are the mass density, specific heat, and thermal conductivity, respectively. Q(x, t) is the heat intensity which represents an energy source coming from light dissipation in NPs. It is shown in [9] that Q(x, t) relates to the electric field by
where ℑm(ǫ 1 ) means the imaginary part of the electric permittivity ǫ 1 , given by Drude model and E 2 has been calculated in the last section. Thus we get
Heat transfers through the NP requires quite few time. We thus consider the steady state of this process. Denote by σ 0 and σ N P the thermal conductivities outside and insider the NP, respectively. Then in the steady state, we have
Since the heat source is generated from the center of the NP, it spreads uniformly in every direction due to the uniform thermal diffusion properties of the NP and the matrix. It also decays to nothing as |x| → 0. We suppose the temperature inside and outside the NP has the form
By using the transmission conditions we thus have
Denote by V N P the volume of the NP then temperature distribution outside the NP is given by
which is in accordance with [9] . It is seen that the heating effect becomes especially strong under the plasmon resonance conditions since Q is greatly increased under plasmon resonance. 
Concentric nanoshell
In this section, we investigate the plasmonic properties of a concentric nanoshell. The plasmon hybridization model has been used to explain the properties of nanoshell, a tunable plasmonic nanoparticle consisting of a dielectric (silica) core and a metallic (Au or Ag) shell. Fig. 1 gives an example of concentric nanoshell with two layers of metal NPs. This concentric nanoshell consists of alternating layers of dielectric and metal, essentially a nanoshell enclosed within another nanoshell, inspiring its alternative name of nanomatryushka (cf. [17] ). We shall show how does the plasmon resonance happen in this kind of structure. We can also see how sensitive does the inner and outer radius of the shell layer influence the plasmon resonance. From the analysis in the last sections, we should only consider the system in the influence of the electric field. Suppose once again that the incident wave is uniformly distributed with amplitude E 0 . Define
By the symmetric properties of the concentric nanoshell, we suppose the total electric potential u has the form
The transmission conditions on the interface {r = r j }, j = 1, 2, 3, 4 are given by
where we set b 1m = 0 and a 5m = a 0m , m = −1, 0, 1. By setting
and some basic arrangements to the equations given by transmission conditions, we get
Define the matrix P and Υ n by We also have a m = a 0m (−Ξ T P −1 e + e 4 ) (4.5)
where a m := (a 1m , a 2m , a 3m , a 4m ) T and e 4 := (1, 1, 1, 1) T . What we concern is the energy generated in the metal shells. By the analysis before, we have in mind that in plasmon resonance mode, the energy blows up if the imaginary part of material property of the metal particles goes to zero. To simplify the analysis, in what follows we suppose that the material properties of the dielectric core are fixed and ǫ 1 = ǫ 3 = ǫ 5 Let ǫ s = ǫ 2 = ǫ 4 . Then we have
Under these assumptions, we have P = λ 1 I − K, where I is the identity matrix and K has the form which is a forth order equation with respect to λ 1 . It is easy to see that the solution are exactly the eigenvalues of the matrix K. We can actually solve the forth order equation explicitly by using some tools like matlab, etc. It can be seen that all the four roots of the equation are real. However, we shall not discuss the reason here why all solutions should be real but the reader who is interested may consult any book concerning the theory of algebra equations (see, e.g., [19] ). We also see in this equation that the solution only depends on the ratios of the radii. Table 1 lists the solutions to four different kinds of ratios. The following theorem gives exactly how the plasmon resonance happen in this concentric nanoshell structure. and there exists a vector v * 1 ∈ R 4 such that
then the plasmon resonance happen in concentric nanoshell.
Proof. By the assumptions and Drude model we have
We then have
We also have that λ 1 (ǫ * ) is one eigenvalue of K, with corresponding eigenvector v * 1 . Furthermore,
In the following we let b := ωp ω 3 − (2ǫ
. By the assumptions we have
and thus
. Next, we calculate the energy generated in the metal shell. Denote by E the energy generated in the metal shell then we have
By using the orthogonality of the spherical harmonic functions Y 
